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Σ-ALGEBRAICALLY COMPACT MODULES AND
Lω1ω-COMPACT CARDINALS
JAN SˇAROCH
Abstract. We prove that the property Add(M) ⊆ Prod(M) characterizes
Σ-algebraically compact modules if |M | is not ω-measurable. Moreover, under
a large cardinal assumption, we show that over any ring R where |R| is not
ω-measurable, any free module M of ω-measurable rank satisfies Add(M) ⊆
Prod(M), hence the assumption on |M | cannot be dropped in general (e.g. over
small non-right perfect rings). In this way, we extend results from a recent
paper [3] by Simion Breaz.
1. Introduction
Algebraically compact modules, and correlatively the Σ-algebraically compact
ones (see Preliminaries section for definitions), represent the cornerstone of model
theory of modules. They serve as the sufficiently saturated objects in the area, cap-
turing at the same time nontrivial amount of information on how wildly (or tamely)
all modules over a fixed ring behave. Algebraically compact modules (also called
pure-injective) have been studied intensively for decades: we refer to [14] and [13]
for an introduction to the topic, [10] for applications to direct sum decompositions
and pure-semisimple rings, [1] for a recent application in the approximation theory
of modules, or [9] for a generalization of the concept.
In this context, it seems rather surprising that a completely new characterization
of Σ-algebraically compact modules occured recently in [3], where the following
theorem was proved:
Theorem 1.1. Assume that there are no measurable cardinals. Then a module M
over a ring R is Σ-algebraically compact if and only if Add(M) ⊆ Prod(M).
In this short note, we give an example showing that the large cardinal assump-
tion cannot be weakened below ‘no Lω1ω-compact cardinals’ (Section 3). We also
generalize Theorem 1.1 by dropping the large cardinal hypothesis and assuming
that |M | is not ω-measurable instead (Section 4).
It remains open whether Theorem 1.1 holds assuming only the nonexistence of
Lω1ω-compact cardinals.
2. Preliminaries
Unless stated otherwise, we work in ZFC. Let R be a (unital, associative) ring.
We denote by Mod-R the class of all (right R-) modules. The elements of this
class are the models of the first-order theory of right R-modules, i.e. the theory
in the language of abelian groups extended by unary function symbols ·r, for all
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r ∈ R, which are written in postfix notation. As usual, we typically omit ·. For
a moduleM and a set I, we denote byM (I) the direct sum of I copies ofM , i.e. the
submodule of the direct power M I consisting of all elements with finite support.
Probably the most important formulas in model theory of modules are the
positive-primitive ones, i.e. the existential formulas whose quantifier-free core is
a conjunction of positive atomic formulas. This stems from the result of Baur,
Monk and Garavaglia that any complete theory of modules admits elimination of
quantifiers up to positive-primitive formulas (pp-formulas, for brevity). The set of
all pp-formulas in a fixed number of free variables is naturally ordered by setting
ϕ ≤ ψ if and only if M |= ϕ→ ψ for all modules M .
Each pp-formula ψ with one free variable defines the subfunctor of the forgetful
functor from Mod-R to Mod-Z via the assignment M 7→ ψ(M). This functor is
often called a finite matrix functor, and it commutes with direct products and direct
sums.
For a module N and its submodule M , we say that M is pure in N , provided
that for any pp-formula ψ(x0, . . . , xn−1), we have ψ(M) = M
n ∩ ψ(N). We call
ψ(M) = ψM = {m¯ ∈ Mn | M |= ψ(m¯)} a pp-definable subgroup of M . The basic
examples of pure submodules are direct summands and elementary submodels.
Definition 2.1. We say that an R-module M is algebraically compact (or pure-
injective) if one of the following equivalent statements are satisfied:
(1) Whenever M is pure in a module N then it splits, i.e. there exists a homo-
morphism pi : N →M with pi ↾M = idM .
(2) Every system of pp-formulas (with one free variable) with parameters from
M which is finitely satisfied in M is actually realized in M .
(3) Every system, in arbitrary many unknowns, of R-linear equations with
parameters from M which is finitely satisfied in M actually has a solution
in M .
It should not come as a surprise that each module can be elementarily embed-
ded in an algebraically-compact one. There even exists a minimal such extension.
Algebraically compact modules are closed under taking arbitrary direct products.
Basic examples over the ring Z include Q,Zp∞ and Jp for p prime, where Zp∞
is the Pru¨fer p-group and Jp denotes the group of p-adic integers.
Definition 2.2. LetM be an R-module. We say thatM is Σ-algebraically compact
(or Σ-pure-injective) if one of the following equivalent statements are satisfied:
(1) The moduleM (κ) is algebraically-compact for any/every infinite cardinal κ.
(2) Every descending chain of pp-definable (by pp-formulas with one free vari-
able) subgroups of M eventually stabilizes.
(3) The complete theory Th(M) is totally transcendental.
From the three examples of algebraically compact abelian groups given above,
only Jp is not Σ-algebraically compact. In fact, an abelian group is Σ-algebraically
compact if and only if it is the direct sum of a divisible group and a group of
bounded exponent. Notice that by (3) from the definition, Σ-algebraically compact
modules are closed under taking elementarily equivalent modules. They are also
closed under pure submodules, by (2), and under direct powers. Readers interested
in more detailed description of (and relations between) the notions of purity and
algebraic compactness can consult Chapter 2 from [8].
For a module M , we denote by Add(M) the class of all modules isomorphic
to direct summands in M (I), where I is an arbitrary set. For example, if M is
a nonzero free module (i.e. isomorphic to R(I) for some nonempty set I) then
Add(M) denotes precisely the class of all projective modules.
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Dually, we define Prod(M) as the class of all modules isomorphic to direct sum-
mands inM I , where I is arbitrary. IfM is Σ-algebraically compact, then all models
of Th(M) are contained in Prod(M). Since M (I) is always pure in M I , it follows
that Add(M) ⊆ Prod(M) for every Σ-algebraically compact module M .
We call a ring R right perfect if every module pure in a free module splits. For
instance, if R is Σ-algebraically compact as a right R-module over itself, then R is
right perfect. There are plenty of examples of right perfect rings, e.g. right artinian
rings, as well as those which do not satisfy this condition: Z, Q[[x]] etc.
Finally, a ring R is called right pure-semisimple if all right modules are (Σ)-
algebraically compact.
3. Non-algebraically compact modules satisfying Add(M) ⊆ Prod(M)
In this section, we will deal with several types of large cardinals. All definitions
are standard, except maybe for the one of an ω-measurable cardinal by which we
mean a cardinal greater than or equal to the first measurable cardinal. Equivalently,
a cardinal admitting a nonprincipal ω1-complete ultrafilter. The following notion
was originally defined in terms of infinitary logic.
Definition 3.1. Let κ, ν be infinite cardinals. Following [6, Definition 2.17] (see
also [5]), we say that κ is Lνω-compact if for every set I, every κ-complete filter
on I can be extended to a ν-complete ultrafilter. Moreover, κ is called strongly
compact if it is uncountable and Lκω-compact.
We list some basic properties of Lνω-compact cardinals in the following
Remark. If there exists an Lνω-compact cardinal κ, then κ ≥ ν and all cardinals µ ≥
κ are Lνω-compact, too. Moreover, every Lνω-compact cardinal is ω-measurable
and Lλω-compact, where λ is the first measurable cardinal, provided that ν is
uncountable. The latter follows from the well-known fact that any ω1-complete
ultrafilter has to be λ-complete, where λ is the first measurable cardinal.
The class of Lνω-compact cardinals was intensively studied by Eda in [5]. He
gave a thorough characterization of these cardinals, besides other things in terms of
vanishing of the HomR(−, R)-functor in Mod-R. Recently, Lνω-compact cardinals,
under the name ν-strongly compact, have re-emerged in [2]—mostly in the module-
theoretic context again.
The following proposition gives us enough information on the cardinality of large
ultrapowers. We prove it along the lines of the classic [7, Theorems 1.17 and 1.25].
Proposition 3.2. Let κ be a regular Lνω-compact cardinal and µ, λ cardinals such
that µ = µ<κ, λ = λ<κ. Then there exists a ν-complete ultrafilter U on λ such that
|µλ/U| = µλ.
Proof. We start by fixing a bijection b : λ→ [λ]<κ. For each ordinal α < λ, we set
Lα = {γ < λ | α ∈ b(γ)}. Using the regularity of κ, it follows that
F = {X ⊆ λ |
(
∃Y ∈ [λ]<κ
) ⋂
α∈Y
Lα ⊆ X}
is a κ-complete filter on λ. By our assumption on κ, we can extend the filter F to
a ν-complete ultrafilter U . We show that |(µ<κ)λ/U| = µλ.
For each f ∈ µλ, we put h(f) = 〈f ↾ b(α) | α < λ〉U . It is easy to see that
h : µλ → (µ<κ)λ/U is one–one. Indeed, for two different f, g ∈ µλ, we fix α < λ
with f(α) 6= g(α), and observe that Lα ⊆ {γ < λ | f ↾ b(γ) 6= g ↾ b(γ)} ∈ U . So
|(µ<κ)λ/U| ≥ µλ, and since µ<κ = µ, we are done. 
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In the proof above, it seemingly appears as if the assumption on κ is stronger
than actually needed, however by [2, Theorem 4.7], the existence of a ν-complete
ultrafilter on λ containing all the sets Lα (i.e. ν-complete fine measure on [λ]
<κ) is,
in fact, equivalent to the statement that each κ-complete filter on λ can be extended
to a ν-complete ultrafilter.
Theorem 3.3. Let R be a ring, ν > |R| an uncountable cardinal, and let κ be
a regular Lνω-compact cardinal. Consider the least infinite cardinal µ such that
µ = µ<κ. Then Add(R(I)) ⊆ Prod(R(I)) whenever |I| ≥ µ.
Proof. Put F = R(µ). Notice that |F | = µ, since |R| < ν ≤ κ ≤ µ. It is enough to
prove that Add(F ) ⊆ Prod(F ); in other words—that Prod(F ) contains all projec-
tive modules. Let ξ be an arbitrary cardinal. We have to show that F (ξ) ∈ Prod(F ).
Choose λ = λ<κ such that µλ ≥ ξ. By Proposition 3.2, there exists a ν-complete
ultrafilter U on λ with |Fλ/U| = µλ. From [6, Theorem II.3.8], we deduce that
Fλ/U is isomorphic to a free direct summand in Fλ. Moreover, we have Fλ/U ∼=
R(µ
λ) ∼= F (µ
λ), whence F (ξ) is isomorphic to a direct summand in Fλ, too. 
Example 3.4. Let R be a ring which is not Σ-algebraically compact as a right
module over itself, and such that |R| is not ω-measurable, e.g. let R be a countable
non-right perfect ring, for instance R = Z. Assume that there exists an Lω1ω-
compact cardinal κ. Then Add(R(I)) ⊆ Prod(R(I)) whenever |I| ≥ 2κ, while R(I)
is not algebraically compact.
Magidor showed in [12] that it is consistent (modulo some large cardinal assump-
tion) that the first measurable cardinal is strongly compact. In this situation, we
obtain that if R is a ring as above, then Add(R(I)) ⊆ Prod(R(I)) if and only if |I|
is ω-measurable. For the only-if part, we refer to Section 4.
On the other hand in [2], Bagaria and Magidor construct, relative to the exis-
tence of a supercompact cardinal, a model of ZFC in which the first Lω1ω-compact
cardinal is singular (with measurable cofinality).
Corollary 3.5. Assume that for each uncountable cardinal ν there exists an Lνω-
compact cardinal, e.g. assume that there is a proper class of strongly compact
cardinals. Then for any ring R, there is a nonzero free module F such that
Add(F ) ⊆ Prod(F ). In particular, over any right non-Σ-algebraically compact ring,
there exists a non-algebraically compact R-module F with Add(F ) ⊆ Prod(F ).
Note that the last inclusion in Corollary 3.5 is necessarily strict since otherwise F
would be Σ-algebraically compact (even product-complete, see [8, Definition 2.34]).
We finish this section with a short discussion concerning the possibilities to
weaken our large cardinal assumption. For the simplicity, let us assume that the
ring R does not have ω-measurable cardinality, and that it is slender, i.e. all homo-
morphisms f ∈ HomR(R
ω, R) have the property that f(en) = 0 for all but finitely
many n < ω; here, en denotes the element of R
ω with en(n) = 1 and en(m) = 0
whenever m 6= n.
Using [6, Theorem II.3.8 and Corollary III.3.6], we see that for a nonzero free
module F , Add(F ) ⊆ Prod(F ) is equivalent to the statement ‘there exists arbitrar-
ily large ultrapowers of F with respect to ω1-complete ultrafilters’. If the latter
implies the existence of an Lω1ω-compact cardinal, it would be a strong indica-
tion that the large cardinal assumption in the statement of Theorem 1.1 could be
weakened to ‘no Lω1ω-compact cardinals’. However, the results in [11] suggest that
one can obtain large ultrapowers with fixed base even without (sufficiently) regular
ultrafilters. The downside in the paper cited is that to achieve this, the authors
needed a supercompact cardinal for a start. It seems to be an open problem whether
one can prove the same without an Lω1ω-compact cardinal. We formulate it as
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Conjecture 3.6. Assume that the existence of measurable cardinals is not refutable
in ZFC. Then there is a model of ZFC with no Lω1ω-compact cardinals where the
following holds: there exists µ such that for all cardinals κ there is λ and an ω1-
complete ultrafilter U on λ such that |µλ/U| ≥ κ.
4. Breaz’s theorem for non-ω-measurable modules
We shall use the following generalization of [3, Theorem 2.1] (see also [4, Theo-
rem 2] and [6, Theorem III.3.9]). In what follows, for a filter D on K, we denote
by piD :
∏
i∈K Ui →
∏
i∈K Ui/D the canonical projection. Recall that Ker(piD) is
pure in
∏
i∈K Ui.
Theorem 4.1. Let R be a ring and ψ0 ≥ ψ1 ≥ · · · be a descending chain of pp-
formulas with one free variable. Let f :
∏
i∈I Ui →
⊕
j∈J Vj be a homomorphism
of R-modules. Then there exist n0 < ω, a finite number of ω1-complete ultrafilters
D1, . . . ,Dk on I, and a finite subset J
′ of J such that
f(ψn0
k⋂
n=1
Ker(piDn)) ⊆
⊕
j∈J′
Vj +
⋂
n<ω
ψn
⊕
j∈J
Vj .
Proof. The result is trivial for I finite. If I is countable, we use [10, Lemma 11];
all ultrafilters appearing in this case are principal.
For the general case, denote by I the set of all T ⊆ I for which there exist n0 < ω
and a finite subset J ′ of J such that
f(ψn0
∏
i∈T
Ui) ⊆
⊕
j∈J′
Vj +
⋂
n<ω
ψn
⊕
j∈J
Vj . (†)
It is easy to see that I is closed under subsets and finite unions. It is also non-
empty and closed under countable unions—we use the same argument as in the
proof of [4, Theorem 2]:
Let
⋃
m<ω Ym be a union of pairwise disjoint subsets of I (not necessarily mem-
bers of I). Then we capitalize on the already proven countable case applied to the
restriction of f : ∏
m<ω
( ∏
i∈Ym
Ui
)
→
⊕
j∈J
Vj .
This gives us some n0 < ω such that
⋃
m≥n0
Ym ∈ I (recall that the ultrafilters
have been principal). In what follows, let us denote this property of P(I) by (∗).
We are done if I ∈ I, so let us assume that I 6∈ I. Using the property (∗), we
deduce that each W ∈ P(I) \ I contains a subset X 6∈ I such that for all (disjoint)
partitions X1 ∪X2 of X precisely one of these sets belongs to I. Let X denote the
set of all such sets X . Then every Y ⊆ X whose elements are pairwise disjoint,
is finite (again by (∗)). Let Y = {Y1, . . . , Yk} be a maximal disjoint subset of X .
It follows that W = I \
⋃
Y ∈ I; otherwise, an element of X would have to be
contained in it.
For n = 1, . . . , k, we put Dn = {Z ⊆ I | Z ∩ Yn 6∈ I}. By the construction, all
the Dn are ω1-complete ultrafilters. It is routine to deduce from the property (∗)
that for all i = 1, . . . , k, there exist (uniform) n0,i < ω and J
′
i ∈ [J ]
<ω such that
(†) holds with n0 = n0,i, J
′ = J ′i for all T ∈ P(Yi) ∩ I.
If we denote by n0,0 and J
′
0 the n0 and J
′, respectively, given by (†) for W ∈ I,
our desired n0 and J
′ are defined as max{n0,i | i = 0, . . . , k} and
⋃k
i=0 J
′
i .

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The following proposition is an enhancement of [3, Proposition 2.3].
Proposition 4.2. Let 〈Ui | i ∈ I〉 and 〈Vj | j ∈ J〉 be two sequences of modules,
J infinite. Assume that there is a non-ω-measurable cardinal κ such that |J | >
supi∈I |Ui| = κ. Let f :
∏
i∈I Ui →
⊕
j∈J Vj be an epimorphism.
If 〈ψn | n < ω〉 is a descending sequence of pp-formulas with one free variable
such that f ↾ ψn(
∏
i∈I Ui) is onto ψn(
⊕
j∈J Vj) for infinitely many n < ω, then
there exists an infinite L ⊆ J such that for every j ∈ L the sequence ψ0(Vj) ⊇
ψ1(Vj) ⊇ ψ2(Vj) ⊇ · · · eventually stabilizes.
Proof. Using Theorem 4.1, there exist J ′ ∈ [J ]<ω, n0 < ω and ω1-complete ultra-
filters D1, . . . ,Dk on I such that
f(ψn0
k⋂
n=1
Ker(piDn)) ⊆
⊕
j∈J′
Vj +
⋂
n<ω
ψn
⊕
j∈J
Vj .
By our hypothesis, we can w.l.o.g. assume that the map f ↾ ψn0(
∏
i∈I Ui) is onto
ψn0(
⊕
j∈J Vj). Since f(ψn0(
∏
i∈I Ui)) ⊆ ψn0(
⊕
j∈J Vj), we obtain
f(ψn0
k⋂
n=1
Ker(piDn)) ⊆
(⊕
j∈J′
Vj +
⋂
n<ω
ψn
⊕
j∈J
Vj
)
∩ ψn0
⊕
j∈J
Vj ,
and from this point on, we use the same computation as in the proof of [3, Propo-
sition 2.3] to deduce
f(ψn0
k⋂
n=1
Ker(piDn)) ⊆ ψn0

⊕
j∈J′
Vj

+ ⊕
j∈J\J′
(⋂
n<ω
ψn(Vj)
)
,
and further that ∣∣∣∣∣∣
⊕
j∈J\J′
ψn0(Vj)⋂
n<ω ψn(Vj)
∣∣∣∣∣∣ ≤
∣∣∣∣∣ ψn0
(∏
i∈I Ui
)
ψn0
⋂k
n=1Ker(piDn)
∣∣∣∣∣ .
Now, we observe that
⋂k
n=1Ker(piDn) = Ker(piD) where
D =
{ k⋃
n=1
e(n) | e ∈
k∏
n=1
Dn
}
is the filter on I. It follows that Ker(piD) is a pure submodule in
∏
i∈I Ui, and so
ψn0 Ker(piD) = Ker(piD)∩ψn0
(∏
i∈I Ui
)
. Thus we have, using Second Isomorphism
Theorem,∣∣∣∣∣∣
⊕
j∈J\J′
ψn0(Vj)⋂
n<ω ψn(Vj)
∣∣∣∣∣∣ ≤
∣∣∣∣∣Ker(piD) + ψn0
(∏
i∈I Ui
)
Ker(piD)
∣∣∣∣∣ ≤
∣∣∣∣∣
∏
i∈I
Ui/D
∣∣∣∣∣ .
Since all the ultrafilters Dn are κ
+-complete (κ is not ω-measurable), we have
|
∏
i∈I Ui/Dn| ≤ |κ
I/Dn| = κ for all n = 1, 2, . . . , k. It immediately yields that∣∣∏
i∈I Ui/D
∣∣ ≤ κk; note that κ can be finite. We conclude that∣∣∣∣∣∣
⊕
j∈J\J′
ψn0(Vj)⋂
n<ω ψn(Vj)
∣∣∣∣∣∣ ≤ κk < |J \ J ′|,
which readily implies the existence of a desired infinite L ⊆ J . 
We are in a position to state the main result of this section.
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Theorem 4.3. Let R be an arbitrary ring and M an R-module such that |M | is
not ω-measurable. Then Add(M) ⊆ Prod(M) if and only if M is Σ-algebraically
compact.
Proof. The if part follows easily from the purity of the embedding M (λ) ⊆Mλ for
all cardinals λ.
For the only-if part, let J be an arbitrary infinite set with |J | > |M |. By
our assumption, there is a split epimorphism f : M I → M (J) for some I. To
prove thatM is Σ-algebraically compact, it is necessary and sufficient that for each
descending chain 〈ψn | n < ω〉 of pp-formulas with one free variable, the chain
ψ0(M) ⊇ ψ1(M) ⊇ ψ2(M) ⊇ · · · of pp-definable subgroups eventually stabilizes.
This follows from Proposition 4.2 applied for Ui = Vj =M for all i ∈ I, j ∈ J , since
f ↾ ψn(M
I) is onto ψn(M
(J)), for all n < ω, using the fact that f splits. 
We finish by an instance of [3, Corollary 1.2]:
Corollary 4.4. Let M be an R-module such that Prod(M) = Mod-R and |M | is
not ω-measurable. Then R is right pure-semisimple.
Proof. By our assumption, the inclusion Add(M) ⊆ Prod(M) trivially holds, and
so we can use Theorem 4.3 to deduce that M is Σ-algebraically compact. It follows
that all modules are Σ-algebraically compact. 
Acknowledgement : I would like to thank Simion Breaz who drew my attention
to this interesting topic.
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